On some constraints on inflation models with power-law potentials 
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We investigate inflation in closed Friedmann-Robertson- Walker universe fllled with the scalar fleld 
with power-law potential. For a wide range of powers and parameters of the potential we numerically 
calculate the slow-roll parameters and scalar spectral index at the epoch when present Hubble scale 
leaves the horizon and at the end of inflation. Also we compare results of our numerical calculations 
with recent observation data. This allows us to set a constraint on the power of the potential: 
a < (3.5^4.5). 

PACS numbers: 98.80.Bp, 98.80.Cq 
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I. INTRODUCTION 



Inflation, the stage of accelerated expansion of the uni- 
verse, first proposed in the begin of 1980th (Q), nowa- 
days attempts a great attention as well. In our previous 
paper we investigated the generality of inflation for 
a wide class of quintessence potentials and noted that 
criteria we used is weak to decide about the inflation- 
arity of the model with given potential. So in this pa- 
per we are proceeding with the investigation of closed 
Friedmann- Robertson- Walker (FRW) models, but using 
power-law potentials only. In this way we calculate spec- 
tral indices, slow-roll parameters and other values on the 
epoch, when the present Hubble scale leaves the horizon 
and at the end of inflation, to compare our constraints 
with early obtained results and with observation data. 
This allows us to make some constraints on FRW mod- 
els with scalar field, on potentials of the scalar field and 
on parameters of these potentials. Since due to infla- 
tion universe becomes flat very quickly our constraints 
are applicable to flat case as well. If one supposes that 
the same potential describes both the inflation stage in 
early universe and acceleration nowadays we can com- 
pare our constraints with constraints on the quintessence 
potentials (see e.g. 0, Q or |^ |^ Q for review of the 
problem). 



II. MAIN EQUATIONS 

The equations describing the evolution of the universe 
in closed FRW model are 
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where top = 1/VG = 1.2 x lO^^GeV. 

And we use the trigonometrical (angular) parameteri- 
zation ((/), Hq) of the space of initial conditions: 
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Another aim of this paper is the investigation of the 
influence of the initial conditions on inflation dynamics 
in case of closed FRW models. Really, in case of initially 
flat universe we have only one degree of freedom - how 
does primordial energy density distribute between kinetic 
and potential terms, but in case of initially closed uni- 
verse we have at least one more degree of freedom - the 
distribution between curvature and initial expansion rate 
terms. So our second aim is in studying these two distri- 
butions, comparison them to each other and investigation 
how does they act on inflation. 
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Our method is as follows. Like in we start from 
the Planck boundary for a given pair of initial conditions 
{(f), Ho) and then numerically calculate the further evolu- 
tion of the universe through inflation. Also we calculate 
scalar spectral index and slow-roll parameters during the 
evolution of the universe. And since the universe be- 
comes flat very quickly due to the inflation, we can use 
the usual determination for scalar spectral index. There 
are two expressions for it - first order Q and second or- 
der l9| ones and we use second order results for more 
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FIG. 1: The dependence of the number of e-foldings universe experienced during inflation on the initial conditions for the 
angular parameterization. It's clear that the dependence on 4> ((a) for the case of positive (j) and (b) for the case of negative (j)) 
is stronger that the dependence on H (c) (see text for details). 



precise calculations. Also one can express them using 
Potential Slow-Roll Approximation (PSRA)_P, Il0| and 
Hubble Slow-Roll Approximation (HSRA) [ij (see [13 
for details). Equations for slow- roll parameters are: 
for PSRA 
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calculations with constraints on Ug and other values from 
experiments. In particular we compare them with results 
obtained in Ref . j2] , so we need to introduce horizon-flow 
parameters ei, £2 (see 0,^^ for more details): 
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To compare our constraints with we need to localize 
the moment during inflation when the present Hubble 
scale leaves the horizon. It took place at about 60 e-folds 
before the end of inflation (|0|, see also 

[3 for details). 

This value is model-dependent and it depends also on the 
way of inflation ends so to simplify we use two values for 
this - 62 as a bound value and 50. And so we calculate 
all parameters on these two epochs - 62 and 50 e-folds 
before the end of inflation. For further using we denote 
this value as A^hor- 



Tis = 1 - 6ey + 2riv + -(44 - 18c)e 
o 



+ (4c-14)eyr/y + -7/^ + ..., (2) 



l-AeH + 2f]H - 2(1 + c^el- 



-(3 - 5c)eHf]H - 7^(3 - cjrjj^ + 
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where c = 4(ln 2+6)— 5 ~ 0.08145 with Euler-Mascheroni 
constant b. So we calculate Us by both these cases and 
compare them to each other. Also we calculate slow- 
roll parameters and compare them at the epoch when 
the present Hubble scale leaves the horizon for different 
potentials and for different parameters of the potentials. 

Since the purpose of our paper is to set constraints 
on inflation models, we compare results of our numerical 



III. POWER-LAW POTENTIAL 

First, let us describe the dependence of the number 
of e-foldings universe experienced during inflation on ini- 
tial conditions. To illustrate this we plotted in Fig. 1 
this dependence on and on H separately; to realize 
the whole picture one needs to multiply these functions. 
So in Fig. 1(a) there is a dependence of the number of 
e-foldings universe experienced during inflation on (j) for 
negative (f>, in Fig. 1(b) the same but for positive cj) and 
in Fig. 1(c) ~ on Hq. From Fig. 1(a) and (b) one can also 
see the influence of sign of initial (p - positive (j) corre- 
sponds to positive initial cp and negative (f> corresponds 
to negative initial if. For instance, for Hq ~ -ffo[maa;] ~ 
the flat case - measure of trajectories experienced in- 
sufflcient inflation (the case when universe experienced 
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FIG. 2: Positions of models with different powers of power-law potentials on (ei,e2) plane in case of A^hor = 62 at (a) panel 
and Ai'hor = 50 at (b) panel. 



inflation but the number of e-foldings is less then 70) is 
about 2.26° for negative </> and about 1.49° for positive 
(j) (so for flat case the universe experienced sufficient in- 
flation for -87.75° < cj) < 88.51°; in Fig. 1(a) and 1(b) 
dashed line corresponds namely to iV = 70 e-foldings). 

From Fig. 1 one can also learn that the dependence 
of the number of e-foldings on Hq is many times weaker 
than the dependence on (p. Really, determines initial 
distribution of the energy between kinetic and potential 
terms and, since the universe very quickly reaches the 
slow-roll regime, it determines the energy density at the 
beginning of inflation. Also during the reaching slow-roll 
regime H becomes large, so Hq - initial value of H weakly 
acts on the energy density at the beginning of inflation. 

Power-law potentials are well studied and they lead to 
"chaotic inflation" One can really use them as in- 

flation part in potentials like those considered by Peebles 
and Vilenkin [13] . They have also attracted attention for 
some of their properties ^2d\ . 

We consider power-law potentials of a kind 
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and our results are as follows. In Fig. 2 we plotted posi- 
tions of the models with different powers on (ei, £2) plane 
in case of N-t,oi = 62 at (a) panel and in case of A^hor — 50 
at (b) panel. By comparison these plots with bounds on 
(ei, £2) plane obtained in Q from 2dF and WMAP data 
one can make a constraint on a as a < 4.8 in case of 
A^hor — 62 and a < 3.5 in case of A^hor — 50. 

Another constraint on power a one can obtain from 
Fig. 3. In Fig. 3 we plotted the dependence of Ug: calcu- 
lated in PSRA (see eq. (2)) we denoted as I^'ris and cal- 
culated in HSRA (see eq. (3)) we denoted as '■^'ris. Using 
bounds on 01:^^ = 0.99 ± 0.04 (WMAP only) and 



Us = 0.97±0.03 (WMAP-f-ACBAR+CBI+2dFGRS+L„- 
forest) one can set a bound a < 4.5 in case of Ahor = 62 
and a < 3.8 in case of A'hor = 50. One can see these 
two constraints - from ris and previous one - are close to 
each other. 

Now let us set a constraint on A*. To do this we can 
use results obtained from COBE data in [T^: 
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and we calculate these values at the end of inflation. Af- 
ter defining K{a) = {(pcnd/'nT'p) one can obtain Vend — 
\*K°'{a) and after substitution (6) to (7): 



where 



a; < A* < AJ, 



A* = 3.4 X 10-"TO^if-"(a), 



a; = 3.9 X 10 



One needs to keep in mind the relation between A and 
A* to recalculate A* into A and inversely: 



A = 



aX* 



A* = 



Another test, also linked with COBE normaliza- 
tion p^ . is about density perturbation spectrum As{k): 
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and this value is calculated on the epoch when the present 
Hubble scale leaves the horizon. Also we can define value 




FIG. 3: The dependence of Us, calculated in PSRA and HSRA (see text for details), on power a in case of A^hor = 62 at (a) 
panel and in case of Afhor = 50 at (b) panel. 
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FIG. 4: An example of the behavior of slow-roll parameters 
with respect to the equation of state of the scalar field near 
the end of inflation. It's clear that at the moment when in- 
flation ends {w — —1/3) only en is equal to unity but other 
parameters do not (see text for details). 

of the field on this epoch as iphoi- — L{a)mp and so 
rewrite (8) using (6) as 

^2 _ 5127r A*i"+2(a) 

Let us remind the reader that according to COBE data 
this value is about Ag « 2 x 10~^. Using it one can get 
another estimation for A*: 

_ 3 X 10-^m|,a^ 
~ 5127rL°+2(a) ' 

Finally, in Fig. 5 we plotted the dependence of both \\ 
and A2 on a and the dependence of A^^ on a. The range 



of possible values of A* due to eq. (7)(0]) is between 
curves A* and Aj. We plotted A^^ for cases A^hor — 62 
and A^hor = 50. One can see from Fig. 5 that in case of 
-^hor = 62 we have a constraint a ^ 3.5 and in case of 
Mior = 50 we have a constraint a < 4.0. 



IV. CONCLUSIONS 

So we reached our aim - we set some constraints on 
power-law potentials and their parameters. We calcu- 
lated the whole evolution of the universe during infla- 
tion for a wide range of initial conditions, parameters of 
power-law potentials (power a and A) and set some con- 
straints on power-law potentials and on their parameters. 
Also we compared our constraints with results obtained 
from the recent cosmic microwave background (CMB) 
data and large scale structure (LSS) data As 
we noted above for an epoch when the present Hubble 
scale leaves the horizon we have used two values - 62 e- 
folds before inflation ends and 50 e- folds. And 62 e- folds 
is bound value in the sense that other possible values are 
smaller then 62. We used 50 e- folds namely as an exam- 
ple of such a value and to demonstrate what can happen 
with t\ and other values if we use lower (then 62) 
number of e-folds before the end of inflation to deter- 
mine the epoch when the present Hubble scale leaves the 
horizon. And the result we obtained is: a < (3.5 -;- 4.5). 
The exact value is very model dependent. It depends on 
many factors, first on the way of infiation ends ~ this de- 
termines the epoch when the present Hubble scale leaves 
the horizon. From figures one can see how does it act on 
the results. Also it depends on the observation data - to 
make our constraints more precise we need more precise 
observation data. But even with these uncertainties our 
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FIG. 5: The dependence of XI and A2 as well as A^^, calculated for A^'hor = 62 and A'^hor = 50, on the power a (see text for 
details) . 



constraints are some harder then results obtained from 
the CMB and LSS data Ulllll^- 

One can see that our numerical results are some differ 
from analytical results. This is due to the fact that one 
can incorrectly determine exact moment when inflation 
ends using relation max{e,77} = 1. As one can see from 
Fig. 4 (we plotted it only as an example; it corresponds 
to the case a = 4) at real moment of the end of inflation 
only en is exact equal to unity. And since most analytical 
results are obtained using relation = 1, it corresponds 



not to the exact moment of the end of inflation. And 
the small difference between our numerical results and 
analytical results is namely due to this uncertainty. 
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